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Abstract

For a graph G, an edge labeling f, : E(G) — {1, 2, ..., k.} and a vertex labeling f, : V(G) — {0, 2,4, ..., 2k} are called
total k-labeling, where k = max{ke, 2ky }. The total k-labeling is called an edge irregular reflexive k-labeling of the graph G, if for
every two different edges xy and x’y’ of G, one has

wi(xy) = fu(x) + fexy) + fu(y) # wix'y) = fux") + fe'y) + fu0).

The minimum & for which the graph G has an edge irregular reflexive k-labeling is called the reflexive edge strength of G.

In this paper we determine the exact value of the reflexive edge strength for cycles, Cartesian product of two cycles and for join
graphs of the path and cycle with 2K5.
© 2018 Kalasalingam University. Production and Hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Let G be a connected, simple and undirected graph with vertex set V(G) and edge set E(G). By a labeling we mean
any mapping that maps a set of graph elements to a set of numbers (usually positive integers), called labels. If the
domain is the vertex-set or the edge-set, the labelings are called respectively vertex labelings or edge labelings. If the
domain is V(G)UE(G) then we call the labeling fotal labeling. Thus, for an edge k-labeling ¢ : E(G) — {1,2, ..., k}
the associated weight of a vertex is w,(x) = ) @(xy), where the sum is over all vertices y adjacent to x.

Chartrand et al. in [1] introduced edge k-labeling ¢ of a graph G such that w,(x) # w,(y) for all vertices
x,y € V(G) with x # y. Such labelings were called irregular assignments and the irregularity strength s(G) of
a graph G is known as the minimum k for which G has an irregular assignment using labels at most k. An excellent
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survey on the irregularity strength is Lehel [2]. For recent results see papers by Amar and Togni [3], Dimitz et al. [4],
Gyarfas [5] and Nierhoff [6].

Motivated by these papers Baca et al. [7] introduced the concept of edge irregular total k-labeling as a labeling of
the vertices and edges of G, f : VU E — {1, 2, ..., k}, such that the edge-weights wt(xy) = f(x) + f(xy) + f(»)
are different for all edges, i.e., wr(xy) # wt(x'y’) for all edges xy, x'y’ € E(G) with xy # x’y’. The minimum k for
which the graph G has an edge irregular total k-labeling is called the total edge irregularity strength of the graph G,
tes(G). Some results on the total edge irregularity strength can be found in [8-10,14] and [11].

Given an edge labeling f, : E(G) — {1,2,...,k.} and a vertex labeling f, : V(G) — {0,2,...,2k,}, then
labeling f defined by f(x) = fy(x) if x € V(G) and f(x) = f.(x) if x € E(G) is a total k-labeling where
k = max{k,, 2k,}. The total k-labeling f is called an edge irregular reflexive k-labeling of the graph G if for every two
different edges xy and x"y’ of G one has wt(xy) = f,(x) + fo(xy) + o () #Z wt(x'y) = f,(x") + fo(xX'Y)+ fo ().
The smallest value of k for which such labeling exists is called the reflexive edge strength of the graph G and is
denoted by res(G). The concept of the edge irregular reflexive k-labeling was introduced by Ryan, Munasinghe and
Tanna in [12].

In this paper we determine the exact value of the reflexive edge strength for cycles C,, Cartesian product of the
cycle C, and the cycle Cs, and for join graphs of the path P, and cycle C,, with 2K>.

Let us recall the following lemma proved in [12].

Lemma 1 (//2]). For every graph G,

(G) {@—‘ if [E(G)|#2,3 (mod 6),
res >

(MWJFI if IE(G) =2,3 (mod 6).

3

The lower bound for res(G) follows from the fact that the minimal edge weight under an edge irregular reflexive
labeling is 1 and the minimum of the maximal edge weights, that is | E(G)|, can be achieved only as the sum of 3
numbers from whose at least two are even.

1. Cycles and Cartesian product of cycles

First we will deal with edge irregular reflexive labeling of cycles.

Theorem 1. For every positive integer n, n > 3

res(C,) = |—§—| lf n# 2,3 (mod 6),
rE1+1 ifn=2,3 (mod 6).

Proof. Let C,, = (x, x2, ..., X, x1) be a cycle. It follows from Lemma 1 that
I'eS(Cn) Z |—§-| lf}’l $ 2, 3 (mOd 6),
31+1, ifn=2,3 (mod 6).

Now we distinguish two cases.

Case 1: n = 3 (mod 6). From the lower bound we get res(C3) > 2 and the corresponding edge irregular reflexive
2-labeling of Cj is illustrated in Fig. 1.

For n > 9 we define the total (n/3 + 1)-labeling f of C, in the following way

fan=2(1%1-1) =128
fnmir) =205 P=1,2,...,15,
@3 xngs) =215
2 2
fixip) =2751—-1 i=12..., 9
S Qonixniy1) = 2[5 i=1,2,...,155
fxr) = 2.

The vertices of C,, are labeled with even numbers.
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Fig. 1. The edge irregular reflexive 2-labeling of C3.

The edge weights of the edges in C,, under the labeling f are the following. Fori = 1,2, ..., !

L
wip(xixie) = f3) + fOixin) + fOe) =2(13 = 1) + (2741 = 1)
(M2 = 1) = 2151 + 14 + T527) = 5
=2(i4+2)—5=2i — 1.

Thus, the corresponding edge weights are 1, 3, ..., n. Also

Wiy (ca Fass) = faga) + fOwprags) + flens

g

+
2
”—+3+1 2]
-2(] =5 ) g
2[5+ L+ ) -2
Fori=1,2,...,(n—5)/2

-l

Wt (Xp—iXn—iv1) = f(Xa—i) + fXaiXn_iv1) + fnzitr)
=208 +2r8 + 2154 = 2(154 + 147 + 1447)
=2 +2.
Thus, these edge weights are 4, 6, ..., n — 3. Moreover,

wtyp(x,x1) = f) + fxax) + f(x)=0+24+0=2.

Thus the edge weights are distinct numbers from the set {1, 2, ..., n}.
Case 2: n # 3 (mod 6). Define a total labeling f of C, such that
fa)=2(T49—1) i=1,2,...T28,
fConin)) = 2151 i=1,2...,15],
fixip) =2751—1 i=12....131
S Qon—iXn—ip1) = 2[5 i=1,2..., 3] -1
fGxr) =2.

Evidently the vertices of C, are labeled with even numbers and the used labels are at most [n/3] if n 3 2 (mod 6)
or they are at most ([n/3]7 + 1) if n = 2 (mod 6).

The edge weights of the edges in C, under the labeling f are the following.

Fori =1,2,...,[n/2] —1

wip(xixip) = f3) + f&ixin) + fOe) =2(15 = 1) + (2751 - 1)
+2(M121 = 1) =2(M1 + M4+ 14$21) -5
— 242 —5=2i—1.
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Thus, for n even the edge weights are 1, 3, ..., n — 3 and for n odd the edge weights are 1,3, ...,n — 2.
wt (x nlXrn ) = (x
O =7
=f (x[

-/
ST

which is equal to (n — 1) for n even and is equal to n for n odd.
Fori =1,2,...,|n/2] —1

Wt (Xn—iXn—i1) = i) + fnziXnois) + frais1) = 2051 + 215
+ 2[5 =2(I5 T + 51+ T51) = 2i + 2.
Thus for n even, these edge weights are 4, 6, ..., n and for n odd these edge weights are 4, 6, ..., n — 1. Moreover,
wip(x,x1) = f(xn) + fax) + f(x)) =0+2+0=2.

Combining the previous facts we get that weights of the edges are distinct numbers from the set {1, 2, ..., n}. This
completes the proof. [

In the next theorem we give the exact values of reflexive edge strength of Cartesian product of a cycle C,, and Cs.

Theorem 2. For every positive integer n, n > 3

res(C,JC3) = 2n.

Proof. Let
V(CVLDC3) = {xi’ yia Zi . i = 1’27 "'1n}7
E(C,0C3) = {x;yi, XiZis YiZi» XiXix1, YiYit1, ZiZiv1 21 =1,2,...,n},

where indices are taken modulo 7.
It follows from Lemma 1 that res(C,,[JC3) > 2n.
Now we distinguish two cases according to the parity of n.
Case 1: n is even. Define a total 2n-labeling f as follows.

fxi)=0 i=1,2,...,n,
fO)=n i=1,2,...,n,
f(zi) =2n i=1,2,...,n,
fGixip) =1 i=1,2,....,n—1,
f(xpx1) =n,
fQiyip) =n+i i=1,2,...,n—1,
fuy1) = 2n,
fG@izip) =n+i i=1,2,...,n—1,
f(znz1) = 2n,
f&iy) =i i=1,2,...,n,
fizi)=n+i i=1,2,...,n,

fxizi)) =i i=1,2,...,n.
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Evidently f is a 2n-labeling. Now we calculate the edge weights.
wty(x;xip1) = f(x;i) + fxixip) + fip)=0+i+0=1
fori=1,2,...,n—1,
wtr(xix,) = fx)+ fOoix,) + f,) =04+n+0=n,
wtp(xiyi) = fxi)+ fiy)+ fO)=04+i+n=n+i
fori =1,2,...,n,
wip(x;zi) = fx)+ fxizi) + f(zi)) =0+i+2n=2n+i
fori =1,2,...,n,
wtr(iyic) = fO) + fQiyig) + fQir) =n+m+i)+n=3n+i
fori =1,2,...,n,
wtp(yizi) = fO) + fQiz) + f@)=n+n+i)+2n=4n+i
fori =1,2,...,n,
wip(ziziv1) = f(zi) + f(zizig) + f(ziv) =2n+ (n+10) +2n =5n +1i
fori =1,2,...,n.

Thus the set of edge weights is {1, 2, ..., 6n}.
Case 2: n is odd. Define a total 2n-labeling f in the following way.

fxi)=0 i=1,2,...,n,
fO)=n+1 i=1,2,....,n—1,
fOn)=n—1,
f(zi)=2n i=1,2,...,n,
fixip) =1 i=1,2,...,n—1,
fxnx1) =n,
fOiyig) =n+i i=1,2,...,n=2,

fny) =n+1,
fn—tyn) =n+2,

fGizig) =n+i i=1,2,....,n—1,
f(z1z,) = 2n,

fiy) =i i=1,2,....,n—1,
fxnyn) =2,

fizi)=n+i i=1,2,....,n—1,
fOnzn) =n+2,

fxiz) =i i=1,2,...,n.

Also in this case the vertices are labeled with even numbers and the labels are at most 2n
have

wtr(xixip) = fx) + fOixipD) + fip) =0+i+0=1

fori=1,2,...,n—1,

wrp(x1x,) = fOx) + fx,) + f(x) =0+n+0=n,

wtr(x;y) = f&x)+ fiy)+ fO)=0+i+m+1)=n+i+1
fori =1,2,...,n—1,

wip(Xayn) = fx) + fay) + fOn) =0+2+m -1 =n+1,

wip(xizi) = fOx)+ fizi) + @) =0+i+2n=2n+i
fori =1,2,...,n,

(2019) 145-157 149

. For the edge weights we
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wtr(yiyir) = fOD)+ fOiyirD) + fOirD =@+ D+n+D)+nm+1)
=3n+i+2
fori =1,2,...,n—2,
Wt (Yp=1Yn) = fOn-1) + fOna1¥) + fO) =+ D+ (n+2)+ (1 —1)
=3n+2,
wir(yay) = f) + fOuyD)+ fO) =0 -D+m+D+n+1)
=3n+1,
wtr(yizi) = fOD)+ fQiz)+ f@)=m+D+m+i)+2n=4n+i+1
fori=1,2,...,n—1,
Wip(Ynzn) = fOn) + fOnz) + f@) = —1D+ 0 +2)+2n =4n+1,
wtp(ziziv) = f@) + f@iziq) + f@ig) =2n+m+i)+2n=5n+1i
fori =1,2,...,n.

Hence the edge weights are distinct numbers from the set {1, 2, ..., 6n}. U

2. Join of graphs

The join G @ H of the disjoint graphs G and H is the graph G U H together with all the edges joining vertices of
V(G) and vertices of V(H).
The join of a cycle C,,, n > 3, and a complete graph K is a graph known as a wheel W,,. The join of a path P,,
n > 2, and a complete graph K is called a fan F,,. Tanna et al. [13] have proved that for n > 3,
4 ifn=3,
2n

reS(W,,) = r?" ifn= 07 2 (mOd 3) and n > 57

2n .
{?l—l—l ifn=1 (mod 3)

and forn > 3,

3 ifn =23,
res(F,) = 42n ifn =4,

In the next two theorems we will deal with the join of a path or a cycle with 2K .

Theorem 3. For every positive integer n, n > 2

3 ifn=2,
res(P, ® QK;)) = 3n—+1 if nisodd, n >3,
n if niseven, n > 4.

Proof. Let

VP, ®RK)={x;:i=1,2,...,n}U{y, z},
EP,®QK)={xixip1:i=1,2,...,n =1} U{yx;,zx; :i =1,2,...,n}.

It follows from LLemma 1 that

n if n is even,

res(Fx © 2K1) = {n +1 ifnis odd.

However, it is easy to see that res(P» @ (2K;)) > 3. The corresponding 3-labeling for P, & (2K) is illustrated in
Fig. 2.
For n > 3 we distinguish two cases according to the parity of n.
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Fig. 2. The edge irregular reflexive 3-labeling of P, @ (2Ky).

Case 1: n is even. Then define a total n-labeling f as follows.

fxi)=0 i=1,2,....1,
fxi)=n i=54254+3,....n,
F» =0,
f@) =n,
fixip) =5 +i i=1,2,...,5-1,
foaxn, ) =2,
Sl xn ) =3,
fixip) =i—735 i=542,5+3,....,n—1,
fOxi) =i i=12... %
f(yx%+]):3a
JOx)=i—-3 i=%+2,4%+3,....n,
flaxi) =35 +i i=12... 5%
fxn, )=3+2,
flxi)=i—1 i=5+25+3,....n

For the edge weights we get
wtp(xixXip1) = fx) + fixip) + f(iv) =0+ (G +i)+0=3 +1i
fori =1,2,...,5 -1,
wtf(x%x%+l) = f(-x%) + f(-x%x%+1) + f(x%+1) = 0+ 2 + (n - 2) =n,
wtf(x§+1x%+2) = f(x%H)—i— f(x%+1x%+2) + f(x%+2) =mn—2)+3+n
=2n+1,
wtp(ixin) = f) + fOaxip) + fi) =n+ G =5 +n=F +i
fori=75+2,7+3,....,n—1,
wtr(yx) = fO)+ fOx)+ f(x)=0+i+0=i
fori:1,2,...,§,
wip(y ) = FO)+ Foxg, )+ frg, ) =043+ (=2 =n+1,
wtp(yx) = f()+ fOx)+ f)=0+G -3 +n=5+i
for i =%+2,%+3,...,n,

151
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wip(zx) = f@Q+ fex)+ fa)=n+ G+ +0=F +i
fori = 1,2,...,%,
wipxy ) = F@+ fexn )+ frn,)=n+G+2)+0—2)=
wtp(zx) = f()+ fex) + fi)=n+(@-D+n=2n+i-1
for i :%+2,%+3,...,n

Thus the set of edge weights is {1,2,...,3n — 1}.
Case 2: n is odd. Define a total (n + 1) labeling f in the following way.

fxi)=0 i=12,..., 424,
f(xw):n_ly
2
f)=n+1 i=m2 o,
fy) =
f@=n+1,
fixien) = " +i i=1,2,...,
f(Xny1xn43) =2,
2 2
f(xn43xnys) =2,
2 2
fixip) =i —22 =2 a1,
— . n+1
fOx) =i i=1,2,... =2
f(yXﬁ)=3,
1 . n+5 n+7
f(yx,)— — =2 i=m8 o,
flax) =21 +i i=1,2,..., 5
f(zx#)=”—§1,
flzx)=i-3 i=m2

Evidently, the vertices are labeled with even numbers and the label of every element is at most n + 1.
Now we will calculate the weights of the edges.

wtp(xixit1) = fO0) + fOixip) + fi) =0+ +i)+ 0=+

. n—1
fOI'l:12 ces T

Wt (Xnp1Xn43) = fx %)-i-f(x% nt3) + f(xn 3)=0+2+(n—1)

2 2 2
=n+1,
wrf(x% %) f(xn+3)+f(xn+%x% +f(xn s)=m—1)+2
+ n+1)=2n+2,

wip(xixien) = f3) + fixin) + fiz) =+ 1)+ G — 22)
+ o+ =34

fori:”—ers,#,...,n—l,
wtp(yx;) = fO)+ fOx)+ fxi)=0+i+0=i
fori =1,2,..., L

27
wlf(yx#)=f(y)+f(yx#)+f(x#)=0+3+(n—1)=n+2,

wtr(yx) = fO)+ fOx)+ fa)=0+G — )+ + 1) =" +i

n+5 n+7

fori = R R

, 1,
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Fig. 3. The edge irregular reflexive 5-labeling of C4 & (2K1).

wiy(zx;) = f(2) + flex) + f(x) = (n+ 1D+ ("3 +i) +0

= gl
fori = 1,2,...,%,
wip(zxp43) = f) + f(@xn3) + fxa) =+ D+ + (- 1)
2 2 2
— Sntl
= 28,
wiy(zx;) = f(@)+ flex) + fx) =+ D+ (G =3)+ @+ 1)
=2n+i-—1
. 5 nt7
fori = %,%,...,n.
It is easy to check that the edge weights are distinct consecutive integers {1, 2,...,3n — 1}. This concludes the

proof. [

Theorem 4. For every positive integer n, n > 3

5 ifn=4,
res(C, & 2Ky)=3n+1 if nisodd,
n if nis even.

Proof. Let

VIC,®QRK)={x;:i=1,2,...,n}U{y, z},
EC, ® 2K1)) = {xixiy1, yxi, zxi ci =1,2,...,n},

where the indices are taken modulo 7. It follows from Lemma 1 that

n if niseven, n > 6,

res(Ca © K1) = {n +1 ifnis odd.

Let us consider two cases according to the parity of n.
Case 1: n is even. It is easy to see that res(C4 @ (2K;)) > 5. The corresponding 5-labeling for C4 & (2K)) is
illustrated in Fig. 3.
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For n > 6 we define n-labeling f of C, @ (2K;) such that

fei)=0 i=1,2,...,4 -1,
f('x%+1)=n_29
f(x%+2):n_29
fGi)=n i=%+35+4,....n,
F»=0,
f@)=n,
foixip) =5+i—1 i=12,..,%-2
Sxn_xn)=2,
2 2
flnxn,,) =6,
f(x§+1x§+2)=5’
S oxn ;) =4,
fixip)=i—73 i=5435+4,....n—1,
f(xn-xl) =n—- 17
fOxi)=i i=12,...,5-1,
f(yx§)=3,

fOxn, ) =2,
f(y'x%+2)=3a
Fox)=i-1—1 i=1
fax)=3+i—1 i=1
f(Zx%)=%+4,
f(Zx%_H) =35+3,
f(zx§+2)=%+4,
fx) =i i=54+35+4,....n
For the edge weights we get
wtp(xixit1) = fO0) + fixip) + f(iz) =0+(G +i—1D+0
=5+i—1
fori =1,2,...,5 =2,
wtf(x%_]x%) = f(x%_l) + f(x%_lx%)—i— f(x%) =04+2+(n—4)=n-2,
wtf(x§x%+l) = f(x%) + f(xgx%H) + f(x%H) =m—-4H+6+1n-2)
=2n,
wtf(x%Hx%H) = f(x%H) + f(x%ﬂxgﬂ) + f(x%H) =mn-2)+5
+ mm—-2)=2n+1,
wtf'(x%+2x%+3) = f(x%+2) + f(-x%+2x%+3) + f(x%+3) = (I’l - 2) + 4 +n
=2n+2,

wtp(xixis) = fO0) + fuxip) + fQip) =n+G -5 +n=2+i
fori=§+3,§+4,...,n—l,
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wty(xpx1) = fl) + fOux) + fk)=n+m—-1)+0=2n—-1,
wtr(yxi) = f)+ fx)+ fxi)) =04+i+0=1i
fori =1,2,...,5 -1,
wtf(yx%)zf(y)+f(yx%)+f(x%)=0+3+(n—4)=n—1,
Wiy, ) = FO)+ Fxn, )+ flrn, ) =042+ (=2 =n.
wip(xn,0) = FO) + fOx1 ) + frn ) =043+ =2 =n+1,
wtp(yxi)) = f)+ fOx)+ fx)=0+G@ -3 -D+n=5+i-1
fori=§—|—3,§+4,...,n,
wty(zx;) = f(@)+ fex)+ fx)=n+(G+i—-1)+0= 37"+i—1
fori =1,2,...,5 -1,
wiyzxn) = f@+ fex) + foem) =n+ G+ + 0 —4) = 2
wtf(zx%H) = f(2)+ f(zx%H) + f(x%_H) =n+(G5+3)+n-2)
=241,
wtf(zx%H) =f@+ f(zx%+2) + f(x%ﬂ) =n+G+4H+@0n-2)
=342,
wty(zx;) = f()+ fex)+ fxi)=n+i+n=2n+1i
fori=75+3,7+4,...,n
It is easy to get that the edge weights are {1, 2, ..., 3n}.
Case 2: n is odd. Define a total (n + 1)-labeling f as follows.

fxi)=0 i=12... =
2
fi)=n+1 i=m2 o,
F») =0,
f@=n+1,
fixip) =" +i i=12..,%5
SXnt1Xn43) =2,
2 2
Jng3xnis) =3,
2 2
fixip) =i—2t i=m2 -1,
fQnx)) =n+1,
fOx) =i i=12... 4“9
Fxp43) =3,
2
: n . n+5 n
fOox)=i—"H i=m2 o,
fax) =" +i i=1,2,...,43
f(zxn_;%)z#,
fex)=i-2 i=m8 .

Thus the vertices are labeled with even numbers 0, n — 1 or n + 1.
For the edge weights we get the following.

iy (i) = £00) + FOixien) + [ (i) =04 (F +i) +0 =5 44

. —1
f0r1=1,2,...,”T,

155
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Wtf(x% %3)=f %)+f(x% %)+f(xn+3)—0+2+(”—1)
=n+1,
WEF(Xp43Xpg5) = f(xn+3)+f(xn+3xn+5)+f(xn+5)—(n— D+3

)
+(n+1)=2n+3,

wip(xixis) = fO0) + faixip) + fi) =@+ D+ — =)
+ (4= 4

fori:#,#,...,n—l,
wtr(x,x1) = f(x) + fEax) + fx)=m+D+®n+1)+0
=2n+2,
wtr(yx;) = f)+ fOx)+ fx)=0+i+0=i
fori:l,Z,...,%,

Wiy (xps) = fO) + fOxus) + f(riga) =043+ (= D=n+2,
wtr(yxi) = fO) + fOx) + fa) =0+ G — )+ + 1) =+

fori:"—ers,#,...,n,
wtp(zx) = f@)+ fex)+ fa)=@m+ D+ 2 +)+0
=y
fori = 1,2,...,%,
wip(@xnss) = f@) + @) + fpgs) = 0+ D+ 24—y
2 2
— 5n43
= 28,
wip(zx) = f@)+ flex)+ f) =+ D+ @ -2)+®m+1)
=2n+i
. 4S5 7
for i —%,%,...,n.
Evidently, the edge weights are distinct numbers from the set {1, 2,...,3n}. O

3. Conclusion

In this paper we determined the precise value of the reflexive edge strength for cycles C,, n > 3, for the Cartesian
product C,,[1C3, n > 3, and for join graphs P, & (2K;),n > 2,and C,, & (2K,),n > 3.
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